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Abstract. Thermoplastic composites are widely considered in structural parts. In this paper attention is paid to sheet forming
of continuous ﬁber laminates. In the case of unidirectional prepregs, the ply constitutive equation is modeled as a transversally
isotropic ﬂuid, that must satisfy both the ﬁber inextensibility as well as the ﬂuid incompressibility. When the stacking sequence
involves plies with diﬀerent orientations the kinematics of each ply during the laminate deformation varies signiﬁcantly through the
composite thickness. In our former works we considered two diﬀerent approaches when simulating the squeeze ﬂow induced by
the laminate compression, the ﬁrst based on a penalty formulation and the second one based on the use of Lagrange multipliers. In
the present work we propose an alternative approach that consists in modeling each ply involved in the laminate as a transversally
isotropic ﬂuid – TIF - that becomes 2D as soon as incompressibility constraint and plane stress assumption are taken into account.
Thus, composites laminates can be analyzed as a stacking of 2D TIF models that could eventually interact by using adequate
friction laws at the inter-ply interfaces.
INTRODUCTION
Thermoplastic composites are preferred structural materials due to their excellent damage tolerance properties, shorter
manufacturing cycles and ease of weldability. One of the precursor material to fabricate thermoplastic composite parts
is an unidirectional (UD) prepreg which consists of aligned continuous ﬁbers pre-impregnated with thermoplastic
resin. In their melt state, UD prepreg can be viewed as inextensible ﬁbers surrounded by an incompressible viscous
matrix, and hence can be modeled as a transversally isotropic ﬂuid – TIF –, also known as Ericksen ﬂuid, [12]. These
UD laminates are usually stacked in desired orientations to create a composite laminate.
The squeeze ﬂow behaviour of both unidirectional and multiaxial laminates has been studied in our former
work [9], where a penalty formulation of the Ericksen ﬂuid ﬂow using an appropriate in-plane-out-of-plane separated
representation (widely considered in our former works [3, 5, 4, 6, 8]) wad employed.
In our former works we considered two diﬀerent approaches when analyzing the squeeze ﬂow induced by the
laminate compression: (i) ﬁrst a fully 3D penalty formulation and later (ii) a fully 3D mixed formulation in which both
constraints (incompressibility and inextensibility) were introduced by using adequate Lagrange multipliers instead of
using penalty coeﬃcients. However both approaches seem computationally expensive and too intrusive from the point
of view of their integration in commercial simulation codes. For those reasons in this paper we propose an alternative
approach that consists in modeling each ply involved in the laminate as a transversally isotropic ﬂuid – TIF - that
becomes 2D as soon as incompressibility and plane stress are taken into account. Thus, composites laminates can be
modeled as a 2D TIF model stacking that could eventually interact by using adequate friction laws at their interfaces
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REVISITING TRANSVERSALLY ISOTROPIC FLUID MODELS
The TIF model
The Transversally Isotropic Fluid –TIF– also known as Ericksen ﬂuid, is a viscous ﬂuid complemented with a local
inextensibility constraint along direction p. This model represents quite well the expected behavior of a unidirectional
composite prepreg.
When considering the ﬂow of a single ply represented by a TIF constitutive equation, the ﬂow model is deﬁned
in the 3D plate domain Ξ whose plate-like geometry allows expressing it into the separated form Ξ = Ω × I, with
Ω ⊂ R2 and I ⊂ R, that is no more than the tensor product of a 2D and 1D (related to the mould thickness) domains.
By deﬁning the second order orientation tensor a = p ⊗ p and assuming an inertia-free regime and an incom-
pressible transversally isotropic ﬂuid with director p, the ﬂow model reads:
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
∇ · σ = 0
σ = −pI + τa + 2ηTD + 2(ηL − ηT )(D · a + a · D)
∇ · v = 0
D : a = 0
, (1)
where σ is the Cauchy’s stress tensor, I the unit tensor, ηT the transversal ﬂuid viscosity, ηL the longitudinal ﬂuid
viscosity, p the pressure (Lagrange multiplier associated with the incompressibility constraint), τ the ﬁber tension
(Lagrange multiplier associated with the ﬁber inextensibility constraint) and the rate of strain tensor D deﬁned as
D =
∇v + (∇v)T
2
. (2)
It the most general case, both Dirichlet and Neuman boundary conditions (BC) applied respectively in ΓD and
ΓN :
{
v = vD in ΓD
t = σ · n in ΓN , (3)
with ΓD ∪ ΓN = Γ ≡ ∂Ξ and ΓD ∪ ΓN = ∅.
Flow model weak form
The problem weak form related to the ﬂow model (1) results
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∫
Ω
v∗ · (∇ · σ) = 0∫
Ω
p∗ (∇ · v) = 0∫
Ω
τ∗ (D : a) = 0
, (4)
where v∗, p∗ and τ∗ are the associated test functions deﬁned in appropriate functional spaces for ensuring the usual
stability conditions related to mixed formulations. In the previous equation the Cauchy stress is given by the TIF
constitutive equation (second expression in (1) in which for the sake of simplicity and without loss of generality
in the sequel it will assumed ηL = ηT ) whose expression involves pressure, tension and velocity ﬁelds, p, τ and v
respectively.
By integrating by parts the ﬁrst equation in (4), and assuming as usually v∗(x ∈ ΓD) = 0, it results:
∫
Ω
D∗ : σ dΩ =
∫
Γ
v∗ · (σ · n) dΓ =
∫
ΓN
v∗ · t dΓ, (5)
that introducing the TIF constitutive equation taking into account the simplifying hypothesis ηL = ηT = η, results
∫
Ω
2η D∗ : D dΩ −
∫
Ω
Tr(D∗) p dΩ +
∫
Ω
τD∗ : a dΩ =
∫
ΓN
v∗ · t dΓ. (6)
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When using stable functional approximations for interpolating velocity, pressure and tension ﬁelds respectively,
e.g. Q2/P1/P1 as proved in our former works, the resulting discrete system reads:⎡⎢⎢⎢⎢⎢⎢⎢⎣
K BT CT
B 0 0
C 0 0
⎤⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎣
V
P
T
⎤⎥⎥⎥⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎢⎢⎣
F
0
0
⎤⎥⎥⎥⎥⎥⎥⎥⎦ , (7)
where V, P and T are the vectors containing the nodal velocities v, pressures p and tensions τ. On the other hand K is
the matrix that contains viscous contributions, B the one accounting for the ﬂow incompressibility, C the one related
to the inextensibility constraint and ﬁnally vector F contains the contribution of Neuman and Dirichlet boundary
conditions.
Plane stress formulation
The transversally isotropic ﬂuid constitutive model describing prepreg composite plies has been traditionally consid-
ered within the plane stress framework, that assumes null out-of-plane stress components, i.e.
σPS =
⎡⎢⎢⎢⎢⎢⎢⎢⎣
σ11 σ12 0
σ21 σ22 0
0 0 0
⎤⎥⎥⎥⎥⎥⎥⎥⎦ , (8)
where the superscript •PS refers to the consideration of the plane stress framework (this superscript will be omitted in
the sequel for the sake of notational simplicity). The matrix form of the constitutive equation reads:⎡⎢⎢⎢⎢⎢⎢⎢⎣
σ11 σ12 0
σ21 σ22 0
0 0 0
⎤⎥⎥⎥⎥⎥⎥⎥⎦ = −p
⎡⎢⎢⎢⎢⎢⎢⎢⎣
1 0 0
0 1 0
0 0 1
⎤⎥⎥⎥⎥⎥⎥⎥⎦ + τ
⎡⎢⎢⎢⎢⎢⎢⎢⎣
a11 a12 0
a21 a22 0
0 0 0
⎤⎥⎥⎥⎥⎥⎥⎥⎦ + 2η
⎡⎢⎢⎢⎢⎢⎢⎢⎣
D11 D12 D13
D21 D22 D23
D31 D32 D33
⎤⎥⎥⎥⎥⎥⎥⎥⎦ , (9)
where the symmetry conditions σi j = σ ji and Di j = Dji apply, and where the local ﬁber orientation (deﬁning the
inextensibility director p) was assumed plane, i.e. pT = (px, py, 0).
The nullity of the out-of-plane components of the stress tensor implies:
p = 2ηD33 = −2η(D11 + D22), (10)
where the incompressibility constraint Tr(D) = D11 + D22 + D33 = 0 was taken into account. On the other hand we
have D13 = 0 implying
∂v1
∂x3
= −∂v3
∂x1
, (11)
and D23 = 0 that implies
∂v2
∂x3
= −∂v3
∂x2
. (12)
Equation (10) allows expressing the pressure as a function of the in-plane components of the velocity. Therefore,
the plane Cauchy stress tensor reads:[
σ11 σ12
σ21 σ22
]
= τ
[
a11 a12
a21 a22
]
+ 2η
[
2D11 + D22 D12
D21 D11 + 2D22
]
. (13)
Thus, the associated weak form when considering plane stresses only involves the plane components of the ve-
locity vector v1 and v2 as well as the scalar tension ﬁeld τ. Thus the problem becomes 2D and it has the same structure
than the one related to the standard Stokes problem, where moreover the mixed formulation stability condition (LBB)
remains similar.
Thus, the ﬁnal discrete system reduces to:[
K˜ C˜T
C˜ 0
] [
V˜
T˜
]
=
[
F˜
0
]
, (14)
where tildes are employed to indicate that this discrete system comes from the resulting 2D plane stress formulation
involving 2 degrees of freedom at each velocity node and one at each node used for approximating the tension ﬁeld.
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2D TIF STACKING FOR DESCRIBING COMPOSITE LAMINATES
When considering a composite laminate the ﬁrst option is modeling each ply using a plane-stress TIF model. In
that case the ply will react to the applied loads (boundary conditions) deforming accordingly depending on the ﬁber
orientation with respect to the applied loads. However, it is well kwon that a friction can appears at the plies interfaces
where resin eventually lubricates the plies relative displacement.
The simplest viscous friction model consists of the Coulomb model that assumes a shear force that scales with
the relative velocity between each two neighbor plies. It is easy to prove that such a friction coeﬃcient η f scales with
the resin viscosity and the inverse of the lubrication layer thickness. In what follows we assume a linear dependence
even if nonlinear frictions can be also easily considered.
In that case we consider planar surface forces due to the friction, acting in the plies having common interfaces.
Thus, if interface i, Ii, is located in between plies Pi and Pi+1, the friction force at interface i, f fi given by
f fi (x) = η f (vi+1(x) − vi(x)), (15)
will apply on both plies at position x, having the same magnitude but opposite directions.
For illustrating the assembling procedure, we consider a three plies laminate, P1, P2 and P3, the ﬁrst located at
the bottom, the second one at the middle and the third one at the top. The discrete system writes:
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
K1 CT1 0 0 0 0
C1 0 0 0 0 0
0 0 K2 CT2 0 0
0 0 C2 0 0 0
0 0 0 0 K3 CT3
0 0 0 0 C3 0
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
V1
T1
V2
T2
V3
T3
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
F1 + F f1
0
F2 + F f2
0
F3 + F f3
0
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (16)
that expressing the dependence of the nodal friction forces on the relative nodal velocities, the previous system be-
comes⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
K1 + D1 CT1 −D1 0 0 0
C1 0 0 0 0 0
−D1 0 K2 + D1 + D2 CT2 −D2 0
0 0 C2 0 0 0
0 0 −D2 0 K3 + D2 CT3
0 0 0 0 C3 0
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
V1
T1
V2
T2
V3
T3
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
F1
0
F2
0
F3
0
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (17)
In the last expression matrices Di are the same in the linear case as soon as lubrication layers have the same
thickness. Obviously all these matrix vanish as soon as the friction coeﬃcient η f vanishes.
NUMERICAL RESULTS
The numerical results discussed hereafter consider several cases involving 3 plies, P1, P2 and P3. Diﬀerent boundary
conditions are applied related to traction or shear working conditions, considering diﬀerent orientation directors at
each ply.
The main aim of this section is to analyse the representation of a 3D composite laminate from a stacking of 2D
plane-stress TIF plies interacting by means of friction forces.
Figure 1 depicts the laminate domain of length L and width W, with Ω = [0, L] × [0,W]. The four sides of Ω
will be noted by W, E, N, and S, for the ones located respectively on the west (left), east (right), north (top) and south
(bottom).
Inter-ply friction
Traction test
The three plies consist of uniaxial prepegs whose orientation directors align along 0/90/0 (in degrees). The W-side of
the domain is clamped, that is v(x = 0, y) = 0 and a positive traction t = (t, 0)T plies on the E-side, with t = 1 (units
170046-4
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FIGURE 1. Laminate domain.
FIGURE 2. Traction applied on a laminate without friction forces. Ply P1: Horizontal velocity u(x) (left); Vertical velocity v(x)
(center) and tension τ(x) (right).
in the metric system). On both, the N-side and the S-side, null tractions are applied. The longitudinal and transversal
ﬂuid viscosities are set to 10Pa · s, and when considering non-null friction η f = 0.1Pa · s ·m−1.
Non-friction case
Solving the non-friction case is equivalent of solving the uncoupled case (each ply deforms independently of the
neighbors plies).
Figure 2 depicts the velocity and the tension ﬁelds in ply P1 when friction forces are not considered. As it can
be noticed the tension applied on the E-side is fully transmitted to the ﬁbers whose tension corresponds to the applied
traction, and the inextensibility results in zero velocities in both the horizontal and vertical directions.
Figure 3 depicts the corresponding ﬁelds in ply P2. In can be noticed that a non-zero velocity appears in the
horizontal direction evolving almost linearly. In absence of ﬁbers the ply would shortened in the vertical direction, but
the ﬁbers inextensibility avoid such a decrease in the width and for that ﬁbers are subjected to a compressive tension.
Figure 4 depicts the associated results in ply P3 that as expected are exactly the same that those found in ply P1.
170046-5
 Reuse of AIP Publishing content is subject to the terms at: https://publishing.aip.org/authors/rights-and-permissions IP:  147.83.70.107 On: Tue, 25 Oct 2016 12:42:09
FIGURE 3. Traction applied on a laminate without friction forces. Ply P2: Horizontal velocity u(x) (left); Vertical velocity v(x)
(center) and tension τ(x) (right).
FIGURE 4. Traction applied on a laminate without friction forces. Ply P3: Horizontal velocity u(x) (left); Vertical velocity v(x)
(center) and tension τ(x) (right).
Inter-ply friction
Figures 5, 6 and 7 depict similar results when considering inter-ply friction. In what concerns plies P1 and P3 as
expected velocities vanish as was the case when neglecting friction, because their kinematics is controlled by the
ﬁber inextensibility. However, in what concerns the tension, results are quite diﬀerent. It is expected that a non-null
horizontal velocity appears in ply P2 that will coincide with the relative velocity at both inter-plies interfaces. Thus a
tension is transmitted from ply P2 to the top and bottom plies whose tension increases when moving from the E-side
170046-6
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FIGURE 5. Traction applied on a laminate with inter-ply friction. Ply P1: Horizontal velocity u(x) (left); Vertical velocity v(x)
(center) and tension τ(x) (right).
FIGURE 6. Traction applied on a laminate with inter-ply friction. Ply P2: Horizontal velocity u(x) (left); Vertical velocity v(x)
(center) and tension τ(x) (right).
to the W-side. The tension on the W-sides of plies P1 and P3 must equilibrate the external applied traction and all the
friction transmitted from the middle ply.
In what concerns the middle ply, because the friction the horizontal velocity remains almost linear but its magni-
tude is lower than when friction was not considered. For the same reason the compressive tension decreases.
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FIGURE 7. Traction applied on a laminate with inter-ply friction. Ply P3: Horizontal velocity u(x) (left); Vertical velocity v(x)
(center) and tension τ(x) (right).
FIGURE 8. Shear applied on a laminate without friction forces. Ply P1: Horizontal velocity u(x) (left); Vertical velocity v(x)
(center) and tension τ(x) (right).
Shear test
In this section we consider the same laminate and ﬂuid parameters considered previously, but now the loading applying
on the E-side consists of a shear stress t = (0, 1)T . Again the case of inter-ply friction is compared with its absence.
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FIGURE 9. Shear applied on a laminate without friction forces. Ply P2: Horizontal velocity u(x) (left); Vertical velocity v(x)
(center) and tension τ(x) (right).
FIGURE 10. Shear applied on a laminate with inter-ply friction. Ply P1: Horizontal velocity u(x) (left); Vertical velocity v(x)
(center) and tension τ(x) (right).
Non-friction case
Figures 8 and 9 depict velocities and tension in plies P1 and P2 respectively (again solution in P3 coincides with the
one obtained in ply P1).
In ply P1, as expected, the horizontal velocity is almost null while the vertical velocity increases almost linearly
when moving from the W-side to the E-side. The tension is almost zero everywhere, with ﬁbers compressed in the top
and extended at the bottom. As in classical beam theory and become the quasi-inﬁnity ﬁbers rigidity (related to the
170046-9
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FIGURE 11. Shear applied on a laminate with inter-ply friction. Ply P2: Horizontal velocity u(x) (left); Vertical velocity v(x)
(center) and tension τ(x) (right).
FIGURE 12. Traction applied on a laminate with very large inter-ply friction. Ply P1: Horizontal velocity u(x) (left); Vertical
velocity v(x) (center) and tension τ(x) (right).
inextensibiliy) only ﬁbers at the top and the bottom work.
Concerning ply P2, results are quite close to a priori expectations, with a horizontal velocity that approaches a
rigid rotation on the E-side, a vertical velocity evolving almost linearly and ﬁbers aligned in the vertical directions
working in the clamped side neighborhood.
When considering inter-plies friction results are qualitatively very close to those obtained when ignoring inter-
plies friction, however in the present case and as was the case when considering a traction loading the magnitude of
the resulting velocities was again lower because friction tries to minimize the plies relative velocities, as shown in
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FIGURE 13. Traction applied on a laminate with very large inter-ply friction. Ply P2: Horizontal velocity u(x) (left); Vertical
velocity v(x) (center) and tension τ(x) (right).
FIGURE 14. 3D ﬁnite element solution when traction is applied on a laminate. Ply P1: Horizontal velocity u(x) (left); Vertical
velocity v(x) (center) and tension τ(x) (right).
Figs. 10 and 11. The same behavior applies for the tension ﬁeld.
2D TIF model stacking versus fully 3D modeling
In this section we analyze the validity of models based of the 2D TIF model stacking with respect to fully 3D TIF
models, when considering the same laminate that was addressed previously consisting of a unit traction applied of the
E-side of the three plies laminate.
170046-11
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FIGURE 15. 3D ﬁnite element solution when traction is applied on a laminate. Ply P2: Horizontal velocity u(x) (left); Vertical
velocity v(x) (center) and tension τ(x) (right).
FIGURE 16. Error in the velocity norm when comparing the fully 3D solution with the one related to a 2D TIF model stacking
In the 3D case we consider the model described in section 2 that is discretized using a stable mixed ﬁnite element
approximation Q2/P1/P1 assuming a continuos velocity approximation along the laminate thickness. This scenario is
equivalent of considering the stacking of 2D TIF models with an inﬁnite (in practice large enough) friction coeﬃcient
η f .
First we check that in those circumstances, as soon as each ply in the fully 3D model consists of a single ele-
ment, the 3D model should reduce to the 2D TIF stacking, where velocities are expected vanishing because the too
constrained kinematics.
Figure 12 shows the resulting velocity and tension in the top and bottom plies when using the 2D TIF model
stacking. As expected the velocity vanishes whereas the tension increases from 1 to 1.5 in order to take into ac-
count that the middle plain does not work (the friction coeﬃcient is very large and ﬁbers in the middle plane orients
perpendicularly to the applied tension) as depicted in Fig. 13. The equilibrium is trivially satisﬁed: 2 × 1.5 = 3 × 1.
Now, the same problem is solved using a fully 3D stable formulation. The solutions in plies P1 and P2 are
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depicted respectively in Figs. 14 and 15, where almost the same results are found.
However, as soon as the ply is discretized by using several elements along the ply thickness the 3D solution is
expected diﬀering from the one related to the 2D TIF model stacking. This is due to the fact that in the middle ply,
in which ﬁbers are aligned orthogonally with respect to the direction of the applied traction, the TIF ﬂuid can ﬂow,
generating an almost parabolic proﬁle of the x-component of the velocity vector along the thickness of the middle
ply. This behavior does not exist when considering the laminate as a sequence of 2D TIF plies with a large enough
friction coeﬃcient ensuring the velocity continuity along the laminate thickness. However, this deviation is expected
decreasing with the plies thickness because the velocity should tends to zero all along the middle-ply thickness in
order to avoid the divergence of the shear stresses at the plies interfaces. Thus, the norm of the error between the fully
3D and the 2D TIF stacking is expected decreasing with the plies thickness h. This expected behavior is conﬁrmed in
Fig. 16
Conclusions
A new numerical procedure is proposed to simulate the composite material sheet forming of multiaxial laminates.
It is based on the modeling of the diﬀerent laminate plies as a 2D plane-stress transversally isotropic ﬂuid. These
plies can deform independently when assuming no-friction at the inter-plies interfaces to adapt to the applied loads,
or deforming in a coupled way when assuming a sort of friction at the plies interfaces, with the friction forces scaling
with the relative velocity of the plies that meets at each interface.
It has been proved that such a modeling approche remains only valid (accurate enough) when the plis thickness
remains small enough.
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